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Wavelet Analysis of Gust Structure in Measured Atmospheric
Turbulence Data

J. G. Jones,* G. W. Foster,t and P. G. Earwickert
Defense Research Agency, RAE Farnborough, Hampshire GUI4 6TD, England, United Kingdom

A method for analyzing atmospheric turbulence data is described in the form of a wavelet analysis which
extracts localized structure in the form of discrete ramp-shaped gusts. A two-dimensional correlation surface
is generated, the independent variables being position and scaie, and discrete gusts are detected by the iden-
tification of peaks in this correlation surface which is equivalent to the invertible wavelet transform (WT). This
method is illustrated by application to measured turbulence records. Implications of the resuits for aircraft-
design criteria, particularly for structural loads and load-alleviation control systems, are discussed.

Introduction

HE traditional basis for analyzing fluctuating data—such

as atmospheric-turbulence measurements—has been
Fourier analysis, the typical analysis product taking the form
of power-spectral densities. However, it has become apparent
that power-spectral densities have limitations as a basis for
the representation of fluctuating phenomena that contain
strongly localized events. The localization of structure in a
random process is a consequence of phase correlation, which
is not taken into account by the power-spectral density. As a
result, new methods [particularly the wavelet transform (WT)!2]
have recently been developed which provide an alternative
representation of localized structure, using position and scale
as independent variables.

Whereas Fourier analysis is implemented by correlating the
data with a succession of sinusoidal waves of differing phase
and frequency, wavelet analysis is performed by correlating
the data with a set of strongly-localized functions (analyzing
wavelets) of constant shape but covering a range of positions
and scales.

This article describes a new method of wavelet analysis in
the form of multiresolution correlation detection® of localized
events or structures. In standard correlation detection a cor-
relation filter is translated with respect to the data, and lo-
calized events are detected by the identification of correlation
peaks. Here, the translation of the filter is generalized to
include both translation and change of scale (zoom), and lo-
calized events or structures are detected by the identification
of peaks (maxima or minima) in a two-dimensional correlation
surface parameterized by position and scale. Formally, the
correlation surface is equivalent to the WT. Whereas the en-
tire correlation surface contributes to the invertible WT, only
the surface in the vicinity of local maximum and minimum
values contributes to correlation detection.

Although the step of calculating the correlation surface is
linear, the process of extracting structure associated with peaks
in the surface is essentially nonlinear. The two steps (of cal-
culating the transform and of extracting peaks) are somewhat
analogous to the calculation of Fourier transforms and sub-
sequent extraction of spectral lines. In each case the result is

Presented as Paper 91-0448 at the ATAA 29th Aerospace Sciences
Meeting, Reno, NV, Jan. 7-10, 1991; received Feb. 4, 1991; revision
received Jan. 24, 1992; accepted for publication Jan. 25, 1992. Co-
pyright © 1991 by Controller HMSO, London. Published by the
American Institute of Aeronautics and Astronautics, Inc., with per-
mission.

*Senior Principal Scientific Officer. Member ATAA.

tPrincipal Scientific Officer.

94

a representation which is not completely invertible, but which
economically captures the essential aspects of structure.

Multiresolution Correlation Detection

The problem of correlation detection can be formulated as
follows: measured data are assumed to be available in the
form of a real function g(x) over a finite domain. In the
present context g(x) is taken to be a one-dimensional fluc-
tuating component of turbulence velocity. It is expressed as
the sum

gx) = flx) + n(x) (1)

of a discrete “‘signal” f(x), chosen to have a prescribed de-
terministic waveform, and a Gaussian residual “noise” n(x).
In the standard theory of correlation detection n(x) is assumed
to be white. Here the noise is generalized to be self-similar,
or rather self-affine,* and exhibits a power-law spectrum of
the form

bu(w) = o] =@ D 2

where the constant /4 is a scaling, or “similarity” parameter.
By assuming the value 4 = 3, the spectrum takes the form
|w| =53, corresponding to the “inertial” range of frequencies
in the von Karman spectrum.

The signal f(x) is assumed to be of prescribed shape but of
unknown position and scale. It may thus be expressed in terms
of a single function f in the form

fx) = fle = y)L], ©)

where f(x) is obtained from f through the successive opera-
tions of scaling, or dilation, by L and translation by y.

The optimum detection of f(x) [Eq. (3)] in data g(x) [Eq.
(1)] with the noise n(x) having a power-spectrum given by
Eq. (2), is achieved® by maximizing simultaneously with re-
spect to y and L the function

(L>0)

T D) = Lo | Fi - il & (4)

The correlation filter, or analyzing wavelet F is evaluated?
as the convolution

F(x) = w, «f (5)

of f by the function w, whose Fourier transform is given by

Wi(w) = [by ()] (6)
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and &, is given by Eq. (2). Furthermore, if an arbitrary (pos-
itive) amplitude factor m is incorporated in the right side of
Eq. (3), then an estimate of m is given by the value of L*[ T, (y,
L)} _

If multiple copies of the discrete signal profile f exists in
the data, then locally maximum values, or peaks, in the two-
dimensional surface T,(y, L) determine the estimated posi-
tions, scales, and amplitudes of these copies.

Comparison with Wavelet Transform

The expression for T,(y, L) [Eq. (4)] is formally identical
to the invertible WT of g(x) with respect to the analyzing
wavelet F(x). Applications have been published of the WT
to seismic signals! and sound patterns.?

Since the WT is invertible, no information is lost in making
the transformation; the function can be reconstructed exactly
from T,(y, L). In the interpretation in terms of correlation
detection just the information contained in the locally max-
imum (and minimum) values of 7,(y, L) is extracted.

Associated with this change in interpretation is a difference
between the necessary conditions imposed on the analyzing
wavelet F(x). For interpretation as a WT, necessary condi-
tions on F(x) include? both

[1Fwp & < = ™
(finite energy) and
J Fx)dx =0 (8)
{zero mean).
Fi)=1(x) \\
\\
\
/ \
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Fig. 2 Detection of ramp-shaped discrete gust

For Eq. (4) to be used in correlation detection, the admis-
sibility constraint on F(x) can be expressed® in the form

f: WiF(x)- F(x) dv < o 9)

where W, is the positive definite operator whose application
to a function s can be expressed as convolution by w, [Eq.

(6)]:
W, =w,«s (10)

In particular, from Eq. (5)
F(x) = W,f(x) (1)

When the noise n(x) is white, h = —3, W, = [, and Eq.
(9) becomes identical to Eq. (7). The constraint imposed by
Eq. (8) is not required in correlation detection. This in par-
ticular allows the detection of a positive pulse f(x) (Fig. 1a)
in white noise, for which F(x) = f(x) and Eq. (8) is violated.
Furthermore, when the noise has a spectrum corresponding
to that of turbulence in the inertial range of the von Karman
spectrum, it allows the detection of a smooth ramp profile
(Fig. 2c).

Extraction of Elementary Features

Consider first the case in which the noise n(x) [Eq. (1)] is
white. Then f(x) can be chosen to be a positive pulse of finite
energy (Fig. 1a). The constraint [Eq. (9)] is satisfied since

[ wire Foyax = [ iwP a2

When the noise amplitude is infinitesimally small the as-
sociated correlation surface [Eq. (4)], is as illustrated in Fig.
1b, and comprises a positive function characterized by a single
maximum value from which the position y, scale L and am-
plitude of the pulse can be inferred. The effect of finite-
amplitude white noise is shown in Figs. 1c and 1d.

More relevant to the analysis of atmospheric turbulence is
the situation in which the measured fluctuations g(x) [Eq.
(1)} exhibit a power-law spectral density which is closer to
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1/|w|? than white, or constant. A discrete data decomposition
may be performed in this case by assuming for the residual
n{x) a power-law spectrum [Eq. (2)], at least approximately
equal to that of the measured data. Assuming, in particular,
the noise spectrum to be proportional to |w|~2, the scaling
parameter takes the value & = 3. It follows from Eq. (10)
that the operator W, is given by

Wi = ?dz (13)
Furthermore, the constraint given by Eq. (9) translates [using
Egs. (11) and (13)] into an equivalent constraint

. df 2 |

on the feature profile f(x). The most elementary discrete
signal component which satisfies this constraint is that whose
derivative is a discrete pulse (as in Fig. 1a) of finite energy.
Such a profile f takes the form of a “‘smooth increment,” Fig.
2a, which is the present context may be interpreted as a ramp-
shaped discrete gust, like that used in the statistical-discrete-
gust method.37 ) )

The associated analyzing wavelet F(x) = [—(d*f/dx?)](x)
[from Eqgs. (11) and (13) illustrated in Fig. 2b], can be im-
plemented as the convolution of a pair of delta functions of
opposite sign with a smoothing filter. The filter whose weight-
ing function is such a pair of delta functions is a ““differencing”
filter, and its combination with a smoothing operation to give
the analyzing wavelet in Fig. 2b, produces a “smoothed dif-
ference” filter. Applications of this filter to the analysis of
measured turbulence records have been described previously
in Refs. 8 and 9.

The correlation surface [Eq. (4)] that results when the ana-
lyzing wavelet in Fig. 2b is applied to the smooth increment
(Fig. 2a) again comprises a positive function with closed con-
tours surrounding a single peak, as in Fig. 1b. v

Analogous results are obtained when the spectrum index
of the noise model n(x) [Eq. (1)], is more general. Of par-
ticular interest for application to atmospheric turbulence data
is the case i = 1, corresponding through Eq. (2) to the Kol-
mogorov model or von Karman inertial range with spectrum
proportional to |w]~%%. It can be verified that the analyzing
wavelet illustrated in Fig. 2b—that is the smoothed difference
filter—also satisfies the admissibility constraint [Eq. (9)] for
this value of i. The associated discrete signal profile is found
by solving Eq. (11) for f(x) with W, f evaluated using Egs.
(6) and (10) and is shown in Fig. 2c. It can be seen that the
signal profile (Fig. 2¢) comprises a smooth increment similar
to that in Fig. 2a but embedded in slowly-decaying tails.

S —

N,

Fig. 3 a) Detail of measured sample of turbulence, and b) associated
correlation surface.

Fig. 4 a) Measured sample of turbulence, and b) associated corre-
lation surface.

Fig. 3b shows the correlation surface [Eq. (4)] resulting
from the application of the analyzing wavelet shown in Fig.
2b, using a scaling parameter & = 1 to a short sample (Fig.
3a), of a measured turbulence velocity component. The as-
sociation between peaks and troughs in the correlation surface
and ramp-shaped increments in the measured record is illas-
trated, the longer ramp corresponding to a trough of a larger
scale L.

A more detailed example processed in the same way is
shown in Fig. 4. Particularly noticeable is the sequence of
peaks and troughs in the correlation surface (Fig. 4b} asso-

ciated with oscillatory structure in the measured record (Fig.
4a).

Alternative Expression for Correlation Surface

Equation (4) expresses the correlation surface 7,(y, L) in
terms of an analyzing wavelet F. When F takes the particular
form illustrated in Fig. 2b, T,(y, L) can be expressed alter-
natively as

Ty, Ly = L* J:c Hx — y, L)Ag(x, L) dx (15)

where
Ag(x, L) = gx + L12) — g(x — L/2) (16)

is a two-point difference of g(x) taken over a distance L and
H(x, L) is a smoothing function of the shape illustrated in
Fig. 1a which introduces a local average over a distance of
order L. This result follows the fact that Ag(x, L) [Eq. (16)]
can be implemented as the convolution of g(x) with a pair of
delta functions—of opposite sign—separated by distance L.

Used in this form [Eq. (15)] the process of identifying peaks
in T,(y, L) with the occurrence of discrete ramp gusts, typified
by the profile in Fig. 2a, has been used!®-!! since the late 1960s
and early 1970s as a standard method of turbulence analysis
at the Royal Aerospace Establishment. More recently, pub-
lished applications of the technique'?!? have been concerned
with its use to measure fractal dimensions. The application
of the method as a basis for statistical analysis is discussed-in
the following section. The new aspect of the method (outlined
in this article) concerns the explicit formulation of T,(y, L)
in the form given in Eq. (4) in terms of signal detection theory.
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Statistical Model for Discrete Gusts

It has been shown above that, with analyzing wavelet F(x)
chosen to have the form illustrated in Fig. 2b, local maxima
and minima in the position-scale correlation surface [Eq. (4)]
can be identified with the occurrence of discrete events f(x)
in the form of ramp-shaped gusts. Assuming the discrete gusts
f(x) to be scaled versions of a single function f

fx) = mfl(x = y)/L],

generalizing Eq. (3), their amplitude m, position y, and scale
L can be estimated from the associated amplitude, position,
and scale of the measured peaks (Figs. 3b and 4b).

A statistical description of the ensemble of discrete gusts
f(x) must take account of their density of occurrence, in
position-scale space, and of their amplitudes. Stationarity is
assumed with respect to position, and particular interest is
focused on the dependence of both number density and am-
plitude on scale.

We denote by N, ,, dL the average number per unit distance
y, of discrete gusts [Eq. (17)] with scale in the range (L, L
+ dL) and amplitude greater than m. Note that N, ,, is a
density with respect to L but cumulative with respect to m.
Separate distributions can be introduced for “‘up-ramps,” cor-
responding to local maxima in the correlation surface, and
“down-ramps,” corresponding to local minima, but it is fre-
quently convenient to combine these into one distribution.

Separate scaling laws for the number density N, ,, and am-
plitude m are postulated® in the form

(L > 0) 17)

Ny~ L 2110 = [~0+D) (18)
m ~ Lk (19)

The L2 factor in Eq. (18) arises from the effect of scale
on the number of correlation peaks per fixed (unit) y and
fixed increment in scale dL, whereas the term L'~ ? allows
for possible intermittency in the sense that the fractal dimen-
sion D(<1) of the set of points along the y axis that carry
active fluctuations may be less than the dimension (=1) of
the whole line. D is related* to the fractal dimension D* of
turbulent “eddies” in three-dimenstonal space by

D =D% -2, (D* = 3) (20)

It should be noted that the scaling laws {Egs. (18) and (19)]
introduced for the ensemble of discrete gusts f(x) are quite
distinct from the scaling parameter 4 assumed for the residual
noise n(x) [Eq. (2)]. Therefore, in principle, the two terms
on the right side of Eq. (1) scale independently.

In the following, Eqs. (18) and (19) will be considered in
three forms of increasing complexity. In the simplest case D
= 1 and k = 3. This corresponds to the traditional “self-
similar” model of turbulence associated with the name of
Kolmogorov. The second form occurs when D < 1 and k& <
3. This gives a “monofractal” model of turbulence of which
a particular example is the “beta-model” of turbulence due
to Frisch et al.'* Finally we will consider the situation in which
D and k are allowed to vary with discrete-gust amplitude.
This leads to a “multifractal” model of turbulence as intro-
duced by Parisi and Frisch.'?

Statistical Analysis of Correlation Surface

The statistical model, incorporating scaling relationships of
Egs. (18) and (19) for the ensemble of discrete gusts f(x) [Eq.
(17)} provides a basis for the statistical analysis of the cor-
relation surface T),(y, L) [Eqs. (4) and (15)].

The most direct approach is to generate the surface T,(y,
L) as in Figs. 3b and 4b, using a value for the noise-scaling
index h based on Eq. (2). A measured power spectrum of the
data g(x) [Eq. (1)] provides an initial estimate for the spec-
trum of the noise. Local maxima and minima in T},(y, L) can

then be used to estimate positions, scales, and amplitudes of
individual ramp gusts. The estimate of gust amplitude m is
given by L[T,(y, L)]max If it is found that the measured
index k [Eq. (19)] for the scaling of discrete gusts differs
significantly from the value of & used to generate T,(y, L),
it may be desirable to perform a second iteration with a revised
value of 4 close to &, in order to keep the signal-to-noise ratio
independent of scale.

However, as the evaluation of the correlation surface T,(y,
L) on a two-dimensional (y, L) grid, and the subsequent
identification and counting of peaks, is computationally ex-
pensive for large amounts of measured data, an equivalent
method of analysis has been developed which requires only
the calculation of the correlation surface along selected cross
sections, at constant scale L, and the identification of peaks
(local maxima and minima) on these cross sections, with re-
spect to position y only. The principle underlying this method
is that ““position peaks”” measured along lines of constant scale
L reflect the existence of associated “‘position-scale peaks”
(Fig. 4b), and that measurements of the statistical properties,
including scaling, of the position peaks contain sufficient in-
formation as shown below to infer the statistical properties
of the underlying ensemble of discrete gusts f(x).

Since, from Eq. (4)

T\(y, L) = L™"Ty(y, L) (21

in order to investigate the y-variation of T,(y, L) for arbitrary
h and fixed L, it is sufficient to study the y-variation of Ty(y,
L) at the same L. This has the advantage of allowing position
peaks to be identified without the need for prior information
concerning /.

At scale L the cumulative number per unit distance y of
position peaks in the function Ty(y, L) with magnitude greater
than z will be denoted by n(L, z). The scaling properties of
n(L, z) can be deduced by considering the influence of the
ensemble of discrete gusts satisfying Eqs. (18) and (19). This
problem is a particular case of the general theory presented
in Ref. 5 for the effects of the ensemble of discrete gusts on
an arbitrary linear filter. Applied to the filter T(y, L) and
assuming that the signal-to-noise ratio is sufficiently high for
the effects of noise n(x) [Eq. (1)] on the amplitude of the
peaks to be neglected, the results in terms of scaling laws are

n(L, z) ~ L°P (22)
z~ LK (23)

Thus, with the appropriate choice of exponents D and k, a
plot of LPn(L, z) against z/L* will give a scale-invariant curve.

In fact, Ref. 5 goes beyond the step of establishing scaling
laws and through an application of the Laplace asymptotic
approximation, shows how a measurement of the above-scale-
invariant distribution allows the numerical constants of pro-
portionality implied by Egs. (18) and (19) to be derived, and
therefore, an explicit statistical-discrete-gust model>-7 to be
fitted to the data.

Analysis of Measured Data

The analysis method outlined above is applied in the fol-
lowing to samples taken from measured records of atmos-
pheric turbulence obtained'® using a specially-instrumented
aircraft at altitudes below 1000 ft over a variety of types of
terrain in the United Kingdom. Details of the instrumentation
and data processing, together with an assessment of the ex-
tracted turbulence measurements, have been presented in a
previous article.”

For these flight measurements a detailed statistical discrete-
gust analysis, based on Egs. (22) and (23) with scaling indices
D = 1, k = 3 (the classical self-similar model), has been
presented in Ref. 17 and compared with the results of power-
spectral-density methods. It was concluded!’ that this model
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gives (for practical aecronautical-engineering purposes) an ad-
equate representation of turbulence structure at the lower
range of amplitudes which (expressed in terms of spatial in-
crements in turbulence velocity) extends up to about four
times the rms value but excludes the more intense fluctua-
tions.

Iliustrated in Ref. 13 were the results of analyzing a par-
ticular sample of turbulence from these flight measurements
using the self-similar model (D = 1, k = %) and also using
the more general (mono)fractal model with the indices D
and k treated as independent free parameters. Plots of
SPn(L, z) against z/L* showed that for this sample an im-
proved fit of the model to the data was achieved at the larger
amplitudes with empirically-fitted exponents D = 0.45 and k
=(.23. These numerical values are quoted here not as reliable
estimates, but rather as typical of those obtained in a wider

Ramp length L(m)

—-x .
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2 4 3 8 10

oD =05{D*=25),k=1

Fig. 5 Flight-measured data scaled using fractal indices (lognormal-
based axes)

study. Considerable scatter in the estimated exponents occurs
between different measured samples.

However, in a detailed statistical study® of flight-measured
data pooled from over 400 individual samples of the lateral
component of turbulence velocity, the same method of anal-
ysis has been applied systematically over various bands of gust
amplitude. Figs. 5a—c show the measured cumulative number
n(L, z) of peaks in the function To(y, L) exceeding threshold
z for a range of L from 5.7 to 45.2 m. Axes are scaled ac-
cording to Egs. (22) and (23). Values of D range from 1 (in
Fig. 5a) to 0.5 (Fig. 5c). Associated values of k range from
jto 4.

It can be seen (Fig. 5a) that when D = 1, k = 1 (the basic
self-similar model) the data collapse quite well onto a single
curve at the lower levels of z. However, when D and k are
reduced to 0.7 and 0.23, respectively (Fig. 5b), the range over
which the data collapse is extended to higher amplitudes,
whereas the degree of collapse is degraded at the lowest am-
plitudes. A measurement of least-squares variation shows that
the degree of collapse at the highest amplitudes near the tails
is further improved if D and k are reduced to 0.5 and 4 (Fig.
5¢), although a deterioration in the quality of statistical data
collapse is to be expected on the tails of the distribution where
the size of the data sample is necessarily small.

We draw the conclusion from Fig. 5 that the best overall
model of turbulence is multifractal,'*!> the scaling index k
reducing from its classical value of 1 at the lower amplitudes
to a reduced value closer to ¢ at the highest gust intensities.

Implications for Aircraft Design Criteria

The overall trend in the results described in the previous
section is that, although a value of the fractal dimension D
close to unity (D* = 3) gives a good match to the data at the
lower gust amplitudes, decreasing estimates of D compatible
with an asymptotic value D = 0.5 (D* = 2.5) are obtained
as the amplitude band moves to higher intensities. These re-
sults are consistent with previous estimates* of D*, in the
range 2.8-2.5. Over the same range, the corresponding es-
timated value of the scaling index k reduces from 1 to a value
closer to .

In the fractal model with D = 0.5 (D* =2.5) and k = }
(compatible with the experimental results at the highest gust
intensities) there is a trend in which the intermittency in-
creases with decreasing scale L. At the smaller scales the
localized events, or discrete gusts, are fewer in number, but
larger in amplitude, than would be the case in a self-similar
model (k = 3). For example, given a reference gust, e.g., L
= 100 m, a change from the k = 1 to the k = ¢ law implies
a relative increase in the amplitudes of the gusts for which L
< 100 m. As the k = } law is implicit® in power-spectral-
density (PSD) methods, as applied in the inertial range of the
standard von Karman power spectrum, it also follows that the
shorter gusts are more intense than would be expected if the
scaling of their amplitudes were to be based simply on a
knowledge of the PSD.

These results have important implications?® for the predic-
tion of structural loads and the performance of load-allevia-
tion control systems, for each of which gusts with scale L less
than 100 m can be critical. The correct representation in air-
craft design criteria of short gusts is of particular relevance
to modern technology aircraft which use powerful active-con-
trol systems, as the effect of such systems is sometimes to
reduce the scale L of the gusts to which the aircraft predom-
inantly responds.' This is true, in particular, of direct lift
control (DLC) systems. In Ref. 20, e.g., it is shown that
whereas the reduction of gust-induced fluctuations in aircraft
normal acceleration and associated loads by increases in wing
loading or reductions in lift-curve slope also produces an in-
crease in the gradient distance of the tuned gust, analogous
reductions in normal acceleration by the use of DLC are
accompanied by a decrease in the tuned gradient distance.
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Concluding Remarks

A form of Wavelet decomposition has been described which,
when applied to turbulence, extracts localized structure in the
form of discrete ramp-shaped gusts. Pictorial representations
of the position-scale correlation surface (Figs. 3b and 4b)
illastrate graphically the discrete-gust content in the form of
local peaks and troughs. It has been shown how a statistical
analysis of peaks identified in the correlation surface can be
used to fit a statistical discrete-gust model, which incorporates
fractal scaling exponents, to measured data. Trends in the
results, which indicate that short gusts are of a greater am-
plitude than would have been predicted using a classical self-
similar model or power-spectral-density analysis, have been
discussed in terms of their relevance to aircraft design criteria.
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